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F(z) = Rz|Rz| is complex differeniable for all z with Rz = 0, but not twice differentiable for those z.
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Def f is called analytic (or holomorphic) at a point z, € C if for some § > 0 it has a derivative at every
ZE B(zo, 6).

TZ’WV\. (’(L& S alne 0SS (w Ca‘cu/«;).
|)I{ %,{%)/ 9/(5/ exiH, £ len
H{;j}/(%): %I(%/;&g'(+/—%‘u/~
(%7)1(%) = f//i)g(%/“v f(2) g't2) =~ exist
Kﬁ)l(%z - 1‘/(%/9(;)/ 4(})7'{;}
9 ﬂ_w_—“
1) 1 ‘IL {/(%) Xl wnd 9’ 2His bt A1) tlon
(9 (4(4)))/ = y’(%(e)) f2) = enist CCham Rule)

Fo9G)ro

PVO# TL\& Same  ws Um Cﬁlcq(u)’,/h
"

Exanple 0. o)z ¢ {l=0

Analytic functions_Page 1



Example | £2)2,

M p—

S

EX%W/’(tf.‘ Non- d iffere nliable -

‘\[(i):\%_
|M{(l/)-x£(1,) = e -2, - T
o A- - 2o, A:QT
Qéa( and Cowl/ﬁ'/ﬁx J(}//pr@h{fmé.(m’ﬁ_
COMﬁ(U( 1[ \1[(%%)*((%{’(})%(
e U Y R
Reol - 1 W)= fro) =T S

T(L) ! (Rz\p /RIV /,pr n e

11'1 )(+.'x¢: (;()
ok oL Ve,
"\Vo\: ég|(h(w§/ T(L\) 3 X Xfﬁyz(—);+4%))<+
Y .
7y ﬂt—”_‘ﬂ)[/ Ch CQMP(ZK

(ofm

—\/[H; (?%)(;>/M Vém( r[owM.

S
- o LW-h
X = 1A+2ﬁ %ﬂ%“ —
_ 21 + 4 l —
Tl = 55 - 75 b ) 2
L 2f
162 <:5?+t ?y>74\
Nobolion — 2£. _LPF 9—“) Df _pf, ok
‘ A ' Y 27 1?¥ ?7)
\/\/L\e»\ l'S veal J"{‘/vaiﬁéqu L/f '(L\P\C'(“‘.J"\ Oaw‘/‘/&ﬂ
didfevent iab(e]
i bl 1O YR

Analytic functions_Page 2

by

- o/gg; ot exis{l

7
2f
5y 1*



W e 0 real di{fecentia ble function C‘)W
didfevent iable]

o AbA ] T o
70 I S A S S f
gD,&L.ce "ML—M/ \/6}@‘(4

L\”?O h

TL@OV@M (Cmcﬁrpigwmn) Let £ he avea-differadiable
«CLAM(EW\ at =2 ,. T‘( (s va\pfe)( o[('%ylat/cvx{fa“c
ot and only (4 2t (2,)=0.

T, 22

Rowade - {1(2)- % {h
,( L{g casl.

Augustin-Louis Bernhard Riemann
Cauchy

S ) .
Otler 7[01/144-_ %—*‘ﬁ*'(vzf‘yjiﬁ. 0 r

)
JU - v
2
;;Z ) 7,{)?/ ’Cﬁucﬁy 'Qq?mmm g%%&{l‘aks,
29 T 35X

A Real Analysis refresher:

Suppose that the function f = u + iv: R? > R? has all the first partial derivatives for all points z € B(zo,r).
What can you say about f?

1. f is continuous in B(zo. r), but not always differentiable.

2. f is differentiable in B(z,, 7).

3. The functions u and v are differentiable in B(zo, 7).

4. f can be discontinuous at some points of B(zo, r).
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Theorem (Multivariable Calculus). Let u(x, y) has pariatial
L ou ou
derivatives 7 (x,y) and e (x,y) forall (x,y) € B ((xo,yo) é‘)

which are continuous at (xo,yo). Then u is differentiable at
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